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Abstract
Spheres and certain other manifolds do not admit actions of S1 ×R with all orbits 2-dimensional.
This is related to the problem of determining the rank of a manifold.
 2001 Elsevier Science B.V. All rights reserved.
Elon Lima [5] proved in 1963 that any C2 action of R2 on the 3-sphere S3 has a singular
orbit, i.e., an orbit of dimension less than two. The question whether the same statement
holds for other spheres S2n+1 with Span(S2n+1)  2 is still an open and apparently very
difficult problem.
If we replace R2 by S1 × R the problem becomes much simpler. In fact, the presence
of the compact factor S1 permits the use of standard tools from algebraic topology. In this
note we give a proof of the following theorem and a small extension (Theorem 4).
Theorem 1. Any topological action of S1 ×R on a rational homology sphere of arbitrary
dimension has a singular orbit.
By rational homology sphere we mean a compact manifold M whose homology with
rational coefficients is that of a sphere (of lower dimension in case M has non-empty
boundary). Recall that a Lie group action G ×M →M on a manifold is locally free if
all orbits have the same dimension as G. Any orbit of lower dimension is called singular.
The rank of a smooth closed manifold M is the largest integer k such that Rk acts locally
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freely and smoothly on M , while the span of M is the largest number of vector fields on
M that are linearly independent at each point. The 3-manifolds of rank greater than one are
precisely the torus bundles over the circle [7]. In higher dimensions very little is known [1].
The proof of the Theorem is an easy application of the fact that the existence of a flow
with no stationary points on a compact finite dimensional ANR (absolute neighborhood
retract) implies that its Euler characteristic must vanish together with the two following
results of Conner and Floyd on circle actions, which we cite without proof. 1 All
cohomology will have coefficients in the rational field Q.
Theorem 2 [3, Theorem 2.4]. The orbit space of a circle action on a manifold is an ANR.
Furthermore the orbit space is finite dimensional, as shown by [6].
Theorem 3 [2, Lemma 2.2]. Let p :M → B = M/S1 be the projection onto the orbit
space of an S1-action on a compact manifold M with all orbits one-dimensional. Then
there is a Gysin exact sequence (with rational coefficients)
· · ·→Hi−1B→Hi+1B→Hi+1M→HiB→Hi+2B→Hi+2M→·· · .
Theorem 4. If a closed connected orientable m-manifold with vanishing rational Betti
numbers bi for 0 < i < k, where k = [m/2], admits a locally free topological action of
S1 ×R, then either m≡ 2 mod 4 and bk = 2, or m≡ 3 mod 4 and bk = k+ 1 or k+ 2. In
particular, k must be odd.
As in Theorem 1, the same result holds if the manifold is replaced by a rational Poincaré
space of rational homological dimension m with the same vanishing of the Betti numbers
as before, provided the underlying space is a compact topological manifold with boundary
(of higher dimension if the boundary is non-empty, of course).
Proof of Theorem 1. Consider a locally free action of S1 × R on a manifold M . The
restriction to the first factor gives a locally free S1-action whose orbit space B =M/S1 is
a finite dimensional ANR. Since S1×R is abelian, the action of the second factor descends
to a non-singular flow φt :B→ B , t ∈ R. Since B is compact, φt has no fixed points for
sufficiently small t > 0. Hence its Lefschetz fixed point index, which is well-defined since
B is a finite dimensional ANR and thus a Euclidean neighborhood retract, must vanish [4,
Proposition 6.6, p. 209]. Since φt is homotopic to the identity of B , φ0, this index coincides
with the Euler characteristic χ(B) of B [4, Proposition 6.22, p. 212], which must therefore
be zero.
Now suppose that M has the rational homology of a sphere of dimension m, so that
HiM = 0 except when i is 0 or m, and H 0M ∼= HmM ∼= Q. We claim that B has
the cohomology of a complex projective space, just as if the circle action were free. In
fact, H 0B ∼= Q and HiB = 0 for sufficiently large i since B is a neighborhood retract
1 We are grateful to Frank Raymond for these references.
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in some Rk . Then the Gysin exact sequence above shows that HiB ∼= Hi+2B for every
i m, so that HiB = 0 for i m. The same exact sequence with i = m− 1 then shows
that Hm−1B ∼=HmM ∼=Q. Next, for i = 0, the homomorphism H 0B→ H 0M , induced
by the projection M → B , is an isomorphism and H−1B (which does make sense in the
Gysin sequence) vanishes, so H 1B = 0 as well. Working upwards in dimension by the
Gysin sequence with 0  i < m− 2, we find that HkB ∼=Q for k even with 0  k < m
and vanishes for k odd in the same range. Consequently m − 1 must be even, and the
Euler characteristic of B is just χ(B)= (m+ 1)/2, which is greater than zero, yielding a
contradiction. ✷
Proof of Theorem 4. Consider a locally free action of S1 × R on a closed connected
oriented m-manifold M , and suppose that the rational Betti numbers bi of M vanish for
0 < i < k, where k = [m/2]. As in the proof of Theorem 1, the quotient of M by the
induced action of S1 must have χ(B)= 0.
If m is even, so that m = 2k, then only the Betti numbers b0 = 1, bk and b2k = 1 of
M are non-vanishing. Since M admits a locally free action of R, its Euler characteristic
vanishes, so k is odd and bk = 2, as claimed. (This case does in fact occur, since Sk × Sk
admits a locally free action of S1 × R, with S1 acting on one factor and R acting on the
other.)
Now let m be odd, so that m = 2k + 1. As before, the Gysin sequence shows that for
0  i < k, HiB ∼= Q when i is even and vanishes when i is odd. By Poincaré duality,
HiM vanishes for k + 1 < i < m, so working downwards from high dimensions in the
Gysin sequence shows that for k < i , HiB ∼= Q when i is even and less than m, and it
vanishes when i is odd or greater than m− 1.
Since χ(B)= 0, we must have HiB = 0 for some odd value of i; the only possibility is
i = k, so k must be odd and HkB ∼=Qk+1. Setting i = k − 1 in the Gysin sequence above
gives
0→Qk+1 →Qbk →Q→ ·· · ,
which shows that bk must be either k + 1 or k + 2. ✷
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